
Fitting the parameters to data is an essential part of mathematical
modelling, and we will explore some ways to do this in Matlab.
In general our data consists of vectors x and y ∈ RN of and a
vector of parameters p ∈ RM . We suppose there is a relation

yi = f (xi ,p)

for a known smooth function f : RN × RM → RN . Obviously we
want N > M so we have more data than unknown parameters.
There are two cases we might want to do this

1. We are interested in the parameters in their own right as they
have some meaning.

2. We don’t care about the parameters we just want a formula
that fits so we can interpolate to find other points (x , y) on
the curve.



The default approach is to treat it as a least squares optimization
problem. We define the residual

R(p) =
N∑
i=1

(yi − f (xi ,p))2

We will assume that this the minumum of this function is unique.
We are familiar with linear regression, for example on a calculator,
which is the least squares solution where f (x , (p1, p2)) = p1x + p2
is a first order polynomial.
In Matlab the function polyfit fits a linear, or other polynomial
function.



Here is an example fitting a straight line with simulated Gaussian
noise in the y

>> N=10;x=linspace(-1,3,N); y = 0.3*x +2 +0.05*randn(1,N); p=polyfit(x,y,1)

p =

0.2880 2.0206

>> plot(x,y,’o’,x, p(1)*x+p(2))

>> title(’Linear regression with polyfit.’,’FontSize’,20)

>> xlabel(’x’,’FontSize’,20);ylabel(’y’,’FontSize’,20)



Now a cubic with simulated Gaussian noise in the y

N=10;x=linspace(-2,2,N); y = 0.2*x.^3+1.1*x.^2+2+0.05*randn(1,N); p=polyfit(x,y,3)

p =

0.1990 1.0996 0.0367 2.0088>> plot(x,y,’o’,x, p(1)*x+p(2))

>> plot(x,y,’o’,x, polyval(p,x));title(’Fitting a cubic.’,’FontSize’,20)

>> xlabel(’x’,’FontSize’,20);ylabel(’y’,’FontSize’,20)



If you repeat this you will get different samples from the random
number generator.
In general the coefficient of x does not seem to be as accurate as
the others.
In general the sensitivity of the residual function R to varying the
parameters might vary dramatically.



For more general functions f we can either try to rearrange to get
a polynomial , or we can use a more general minimization function.
Lets try f (x ,p) = tanh (p1x + p2).

>> x=linspace(-2,2,20);y = tanh( 3*x -1

>> polyfit(x, atanh(y),1)

ans =

3.0000 -1.0000

>> y = tanh( 3*x -1)+0.001*rand(1,20);

>> polyfit(x, real(atanh(y)),1)

ans =

2.5686 -0.5366

Does not work well with errors.



Using fminsearch to minimize the sum of squares residual.

>> type Residxy

function R=Residxy(p)

global x y

R = sum( (y - tanh(p(1)*x +p(2))).^2 );

end

>> global x y

>> [pcalc,resid] = fminsearch(@Residxy,[0, 0])

pcalc =

3.0010 -0.9994

resid =

5.0514e-06



Note that we had to pass x and y as global variables as fminsearch
needs a function of one variable. Notice also the use of the at sign
to reference a function.
There is another way to do this using a function defined in line.

function R=Residxy(p,x,y)

R = sum( (y - tanh(p(1)*x +p(2))).^2 );

end

[pcalc,resid] = fminsearch(@(p) Residxy(p,x,y),[0,0])



The Matlab optimization toolbox has a range of functions
specifically designed for least squares optimization problems which
may be more efficient than fminsearch for larger M.
For example help lsqcurvefit

x = lsqcurvefit(fun,x0,xdata,ydata) starts at x0 and

finds coefficients x to best fit the nonlinear function

fun(x,xdata) to the data ydata (in the least-squares

sense). ydata must be the same size as the vector

(or matrix) F returned by fun.

These functions have many options, including the number of
iterations and often need quite a lot of fiddling with the options to
get them to work well with particular case.
The NAG Matlab toolbox also has the same functionality and
performs better on some problems.



f= @(p,x) tanh(p(1).* x + p(2));

xd=-1:0.1:1;

yd=[];

for x=xd

yd= [yd,f([3,-1],x)];

end

relerror=0.01;

ymax = max(abs(yd)); % we assume the measurement error is relative to the largest value

yd = yd + relerror*randn(size(yd))*ymax;

% Starting values of parameters

pstart=[0,0];

% Options are passed to the matlab toolbox using this structure

% Note the available options depend on the version of the toolbox used

% see help lsqcurvefit

opts = optimset(’lsqcurvefit’);

%opts = optimset(opts, ’Algorithm’,’levenberg-marquardt’);

opts = optimset(opts,’TolX’,1e-25);

opts = optimset(opts,’TolFun’,1e-25);

[matlab_results,matlab_resnorm] = lsqcurvefit(f,pstart,xd,yd,[],[],opts);

fprintf(’Results from optimisation toolbox are p(1)=%f p(2)=%f \n’,...

matlab_results(1),matlab_results(2) )

fprintf(’Norm of residual %f\n’,matlab_resnorm);



I In statistical terms we are doing non-linear parameter
estimation. Minimizing the sum of squares error is a sensible
choice if the errors are all normally distributed with the mean
zero and the same variance.

I In that case the least squares solution is the Maximum
Likelihood Estimate.

I If the errors are correlated or distributed other than normally a
different residual should be used.

I Further details are beyond the scope of this course but if you
do parameter estimation in a real life problem it would pay to
learn some statistics.



Other options for non-linear curve fitting

1. Optimization libraries and function in other languages, eg
Python. See http://www.walkingrandomly.com/?p=5215

2. Mathematica

3. Maple

4. Statistical software with non-linear regression such as ’R’

5. Goal seeking function on a spreadsheet program

http://www.walkingrandomly.com/?p=5215


Example using Mathematica

In[2]:= (* Mathematica curve fitting demonstration *)

(* Define the function with parameters p *)

f[p1_,p2_,x_]= Tanh[ p1 x +p2];

ptrue1=3;ptrue2=-1;

(* We define the residual as a sum of squares to use FindMinimum *)

xd=Table[x,{x,-1,1,0.1}];

yd=N[f[ptrue1,ptrue2,xd]];

In[6]:= ydmax=Max[Abs[yd]];

In[7]:= Relerror=0.01;

In[8]:= ydn=yd+RandomReal[NormalDistribution[0,Relerror ydmax],Length[xd]];

In[9]:= F[p1_,p2_]=Sum[(f[p1,p2,xd[[k]]]-ydn[[k]])^2,{k,1,Length[xd]}];

In[11]:= FindMinimum[F[p1,p2],{p1,0},{p2,2}]

Out[11]= {0.00130943,{p1->2.97232,p2->-0.984235}}


